Born-Oppenheimer approximation Hylleraas variational calculations with up to 7034 expansion terms are reported for the 1 ⌺ g + ground state of neutral hydrogen at various internuclear distances. The nonrelativistic energy is calculated to be −1.174 475 714 220͑1͒ hartree at R = 1.4 bohr, which is four orders of magnitude better than the best previous Hylleraas calculation, that of Wolniewicz ͓J. Chem. Phys. 103, 1792 ͑1995͔͒. This result agrees well with the best previous variational energy, −1.174 475 714 216 hartree, of Cencek ͑personal communication͒, obtained using explicitly correlated Gaussians ͑ECGs͒ ͓Cencek and Rychlewski, J. Chem. Phys. 98, 1252 ͑1993͒; Cencek et al., ibid. 95, 2572 ͑1995͒; Rychlewski, Adv. Quantum Chem. 31, 173 ͑1998͔͒. The uncertainty in our result is also discussed. The nonrelativistic energy is calculated to be −1.174 475 931 399͑1͒ hartree at the equilibrium R = 1.4011 bohr distance. This result also agrees well with the best previous variational energy, −1.174 475 931 389 hartree, of Cencek and Rychlewski ͓Rychlewski,
I. INTRODUCTION
Variational methods based on explicitly correlated wave functions are known to give the most accurate upper bounds to energy states, and hence the inclusion of terms containing the interelectronic distance r ij in the wave function has become increasingly common, at least for few-electron atomic systems ͑N ഛ 4͒ ͑so common, in fact, that a book dealing entirely with explicitly correlated functions has recently been produced 1 ͒. The milestone in the theory of the hydrogen molecule, the simplest molecular system containing an electron pair bond, is the work of James and Coolidge. 2 Following the work of Hylleraas 3 on the helium atom, they employed factors of r 12 in the hydrogen molecule wave function ͑the full bibliography on H 2 calculations until 1960 is given in Ref. 4 and established beyond a doubt the usefulness of including the interelectronic distance explicitly in the wave function. Kolos and co-worker 5, 6 and Wolniewicz 7 generalized the approach of James and Coolidge to get a more accurate description of dissociation. Wave functions using their "generalized James-Coolidge ͑JC͒" wave functions are commonly referred to as Hylleraas ͑Hy͒ or more specifically Kolos-Wolniewicz ͑KW͒ wave functions. 1 In addition to Hy wave function calculations, the Hylleraas-configuration interaction ͑Hy-CI͒ technique ͑developed by us 8 and also independently by Woźnicki 9 ͒ has been applied to diatomic molecules ͑including H 2 ͒ by Clary and co-worker [10] [11] [12] [13] and
Clementi and co-workers. [14] [15] [16] [17] [18] [19] In Hy-CI calculations the wave function is expanded as a linear combination of correlated configuration state functions ͑CSFs͒, where the unique part of each CSF is a product of orbitals ͑ , , ␦, etc.͒ and at most one r ij raised to some power ͑See the review article by Rychlewski 20 and Sec. 2.4 of Rychlewski 1 for a discussion of Hy-CI wave functions͒. However, the calculations of Clementi et al. for H 2 did not achieve the accuracy of purely Hy calculations, the best of which were the KW calculations of Wolniewicz. 7 In this work we extend the work of Kolos and co-worker 5, 6 and Wolniewicz 7 to calculate the energies of 1 ⌺ g + states of H 2 using expansions in confocal elliptical coordinates with explicit inclusion of interelectronic distance coordinates up through r 12 7 . We calculate Born-Oppenheimer ͑BO͒ energies for various internuclear distances in the range of 0.4-6.0 bohr. We also determine the BO ground state energy more precisely than the best previous calculation. 1, 21 The calculations reported are similar to those described in the classic paper of Kolos and Roothaan 5 ͑see this paper for algorithmic details of our calculations͒ but go far beyond those as a reflection of the improved capability of modern computers. We also note that the best previous calculation to date on the H 2 ground state is neither Hy ͑KW͒ nor Hy-CI but the one employing exponentially correlated Gaussian ͑ECG͒ functions. 1, 20, 22, 23 While the results that have been obtained with this technique have been impressive, this technique suffers from the same inability to represent the electron cusp behavior at r ij = 0 as a strictly orbital CI calcula- 
II. WAVE FUNCTIONS
Since the time-independent, nonrelativistic electronic Schrödinger equation in the Born-Oppenheimer ͑BO͒ ͑or the so-called clamped nuclei͒ approximation is not separable in the electron coordinates, basis sets which incorporate the r 12 interelectronic coordinate are most efficient. The wave function we use for the H 2 ground state is
The terms ⌽ K have the form
where and are confocal elliptic coordinates 27 and n, j, n, j, ␣, ␣ , and must be specified for each expansion term K. For 1 ⌺ g + states, j + j must be even. Terms in the KW wave function differ from ours in that they include exponential factors e −͑␤ 1 +␤ 2 ͒ in 1 and 2 providing proper asymptotic behavior of the wave function at large internuclear distance R ͑recently the KW approach has been extended by Kubacki and Komasa 28 to allow multiple parameters, e.g., 132 in the calculation reported in Table III͒ . Setting ␤ = ␤ = 0 in the KW wave function limits the range of R for which high precision energies can be obtained. For us that range turns out to be 0.4-6.0 bohr ͑we could handle R Ͻ 0.4 with the current basis if we used normalized orbitals, but even then, for technical reasons our existing code would not allow R to approach 0͒.
In practice for the ground state one can let ␣ = ␣ in each term K as James and Coolidge originally did. Thus our wave function has ␣ = ␣ for each K, but to speed up convergence we use two sets of terms ⌽ K and ⌽ K Ј , one set with ␣ = ␣ = ␣ 1 and the other with ␣ = ␣ = ␣ 2 ͑we refer to these as two alpha expansions͒.
A. Results and discussion
In Table I we give the results of a 7034 term calculation for R = 1.4 bohr. In the table we show in each row the results of adding to the previous calculation terms with an r ij power given by and containing all n and j powers of 1 and 1 , respectively, that satisfy n + j ഛ k and all n and j powers of 2 and 2 , respectively, satisfying n + jഛ k. In addition for a 1 ⌺ g + state j + j must be even, so terms with odd j + j are not included. The last term selection criterion is that n, n, j, and j must be ഛ. This and the value of ␣͑=␣ ͒ for each line completely specifies the wave function expansion in sufficient detail that the calculation can be repeated, in contrast to any of the previous large scale calculations on H 2 . This is one reason why we made no attempt to further select the terms being used ͑it then becomes difficult to specify the final wave function terms in print without giving a detailed list͒.
The first eight lines are for adding successively high powers of r ij with ␣ 1 = 1.320 75 and then terms corresponding to ␣ 2 = 6.320 75 are added. Energies for each expansion length N are tabulated as well as the improvement over the previous level.
We note that ⌬E for = 7 is greater then that for =6, whereas one might expect a monotone decrease as the power of r 12 is raised. However, the terms in our expansion are of two types: those with even powers of r 12 , which are basically ͑complicated͒ CI-type terms, and those with odd powers of r 12 , which treat electron-electron interactions in an essentially different fashion. The ⌬E contributions from both of these term types are indeed monotone decreasing as expected but there is nothing that requires the combination to be similarly monotone decreasing, especially since one has reached the point where it is getting difficult to describe the electron distribution with a single nonlinear parameter. In this connection, we note that the reordered two alpha expansion results presented in Table II exhibit no such anomalous behavior.
Based on the rate of convergence that is observed here, we conclude that the energy has converged to 12 decimal places and the 13th digit is 0 or 1, i.e., E = −1.174 475 714 220͑1͒ hartree. Optimization of ␣ at the 7034 term level changes things only in the 15th decimal ͑16th digit͒, i.e., the energy surface in ␣ space is very flat. Varying the expansion terms beyond 7034 systematically gave energy improvements occurring only in the 13th and 14th decimal places, further evidence that our result has converged to 13 digits.
In Table II we again give results for the 7034 term calculation but with terms reordered to show the energy contribution of each power of r ij ͑͒. Energies for each expansion length N are tabulated as well as the improvement over the previous level.
Our final energy is also listed in Table III and compared with previous results. The 2400 ECG result in Table III 21, 29 In Table III we label our calculations with a single ␣ as one alpha and those with both an ␣ 1 and an ␣ 2 as two alphas. The JC, KW, ECG, and Hy-CI designations in this and following tables are those of Rychlewski. In Kolos and Roothaan's original paper 5 the highest power of r 12 used was 2. Terms with r 12 2 introduce the equivalent of ͑1͒͑2͒ CI-type terms. So only -type terms were explicitly correlated in Kolos and Roothaan's original study. r 12 3 factors will introduce the equivalent of ͑1͒͑2͒r 12 terms. In Table III it can be seen that using only a single ␣, we are able to compute the energy to eight digits ͑seven decimal places͒ with r 12 ഛ 3. It is interesting that with r 12 ഛ 5 ͓r 12 5 puts in ␦͑1͒␦͑2͒r 12 ͔ we are able to do better than all previous Hy calculations employing many terms with high powers of 1 and 2 as well as the accurate 1200 term ECG calculation of Cencek and Kutzelnigg. 30 The energy calculated with the ECG wave function was obtained only after a very time-consuming optimization process in which five nonlinear parameters per basis function ͑which means 6000 parameters for the 1200 term wave function͒ were optimized. In contrast the optimization for our single ␣ wave function is based on the selection of the terms of the form of Eq. ͑3͒ and the optimization of only the single parameter ␣. By going up to r 12 7 we effectively correlate up to ͑1͒͑2͒-type products. Table III shows that a single nonlinear parameter is adequate for a 0.1 nhartree level of accuracy, but is not as good as the 2400 term ECG wave function. By adding a second ␣ at the r 12 5 level we were able to exceed our single ␣ r 12 7 result as well as the 2400 ECG result. Going up to r 12 7 with ␣ 1 and r 12 5 with ␣ 2 achieves an 0.001 nhartree level of accuracy. Table IV summarizes previous results at the equilibrium bond distance R = 1.4011 bohr. The improvement of this wave function over the ECG 2400 term wave function of Cencek and Rychlewski parallels the relationship of ECG to Hy at R = 1.4 bohr.
We find in this work that very good energies are obtained with our wave functions up to and including R = 6.0 bohrs. The fact that we do so well for such large R values without a ␤ nonlinear parameter in the wave function is presumably because we have numerous terms with high powers of 1 and 2 . In Table V we show that the comparison of single ␣ results versus ECG results holds not only for a single internuclear distance but for a whole range of R using the 5067 term single ␣ wave function. We are basically assuming that the expansion terms used for R = 1.4 will be adequate for other R values. We are also assuming that since ␣ 1 and ␣ 2 are not tightly coupled, we can use the ␣ 1 values from Table VI for a good single nonlinear parameter calculation. It is striking how well these results agree with the 1200 term ECG results, which are better than the best previous Hy results, the KW results of Wolniewicz. 7 Drake 31 has pointed out the practical need for "doubling" basis sets so there is a natural partition of the basis set into two distinct distance scales: one appropriate to the complex correlated motion near the nucleus and the other appropriate for further out. Drake uses just two sets of orbitals to accelerate convergence. In our He calculations we found that the importance of the second orbital exponent came in around the 13th digit. In our present calculations we found it difficult to get the tenth digit ͑0.1 nhartree accuracy͒ without taking into account the detailed description of the wave function near the protons by incorporating elliptical orbitals with large orbital exponents to describe the charge distribution near the nucleus. This effect did not enter in the He calculations until we wanted more than 13 decimal places. The greater need for two scale parameters is probably to be expected in H 2 where much of the electron correlation energy is associated with the region far from the nuclei, unlike He where the space close to the nucleus is energetically important for both electron-electron and electron-nucleus interactions.
In Table VI we give our final results ͑7034 term wave functions͒ for the BO energy of the ground state of the H 2 molecule at internuclear distances ranging from 0.4 to 6.0 bohrs using two nonlinear parameters, ␣ 1 and ␣ 2 . In Table VI we also tabulate the contribution of all the ␣ 2 terms versus R ͓the column labeled ⌬E͑␣ 2 ͒ ϫ 10 12 ͔. As previously discussed, we estimate the error in the energy at the internuclear distance R = 1.4 bohr to be no more than 0.001 nhartree. We have not investigated this question for other R values. In the table we give energies up to 16 digits for the record and also for the benefit of anyone wanting to repeat a calculation. The table is very interesting, showing clearly how as R increases the electrons interact less and less, particularly around the nuclei. Each nucleus has an electron and the probability for both being around the same nucleus is small, as one would expect. Being able to demonstrate this is a side effect of our way of choosing the wave function. In a calculation with lots of nonlinear parameters one would not be able to see this so clearly.
In this paper we have restricted our calculations to the BO energies. Recently there has been much interest in a direct nonadiabatic ͑which is non-BO͒ variational approach using correlated Gaussian basis sets. The best result using this approach is that of Cafiero et al. 32 This approach yields energies of about ten digits accuracy. However, the feasibility of this approach to systems with more than two electrons has not been demonstrated. And for the two-electron case, we have been able to obtain results using traditional methods that yield energies to about 13 digit accuracy.
III. Hy VS Hy-CI
As there is a close relationship between the Hy wave functions we use and an essentially equivalent Hy-CI treatment, these Hy results can provide insight into what is For high precision, Hy wave functions 2,5-7 must have the r 12 power k Ͼ 1, whereas Hy-CI wave functions need only have r 12 raised to at most the first power.
In elliptical coordinates,
where
Expanding Eq. ͑5͒, the first term is just a polynomial in 1 , 1 , 2 , and 2 . Hence multiplying it by ͑1͒͑2͒ just produces another ͑1͒͑2͒ charge distribution with higher powers of n i and j i . The second term in Eq. ͑5͒ is proportional to q cos͑ 1 − 2 ͒. But q cos͑ 1 − 2 ͒ is a linear combination of ͑1͒͑2͒ products with M =0 ͑but without the exponential factors͒. This gets multiplied by the ͑1͒͑2͒ part ͑which does have the exponential factors͒. The ͑1͒͑2͒ term gets multiplied by the ͑1͒͑2͒ part of the ͑1͒͑2͒r 12 2 term, so the final result is a special linear combination of and CI configurations. As long as the powers of and in the CI part of Hy-CI are greater than or equal to powers of and in the r 12 2 term in the Hy expansion for both and , one will get an Hy-CI answer just as good as an answer with Hy. Similar results apply for r 12 4 and r 12 6 ͑this same point was made by Clary 12 ͒. Although other ͑radial͒ factors will be different in the two methods, they are essentially equivalent methods ͑for two-electron problems͒. We note that an equivalent Hy-CI calculation would have orbitals up to and including ␦ with r 12 raised to at most the first power. A really good Hy-CI for H 2 would start out with a CI calculation including all the different term types ͑ , , ␦␦ , , etc.͒ and then add to this each of the terms multiplied by r 12 but in general with different nonlinear parameters. In particular, we note that where calculations have been done ͑CI for H 2 and Hy-CI for He͒ orbital exponents tend to increase at least for ͑pp for He͒ terms resulting in significantly improved convergence of the expansion.
In this paper we go beyond both the molecular Hy-CI calculations of Clementi et al. and the purely Hy calculations to achieve the best results for both types of calculations. Since the Hy and Hy-CI methods are computationally equivalent for all practical purposes for two-electron molecular systems ͑we have demonstrated this for the helium atom 33 ͒, a Hy-CI calculation should be able to achieve comparable or better energies than these results with shorter expansions.
A. Comparison with experiment
For a review of the status of our knowledge of the dissociation energy of H 2 until the year 2000 ͑theoretical and experimental͒, see Stoicheff. 34 Currently the best experimental value for the dissociation energy accuracy each time l is raised by 1. Raising M from 0 to its maximum value of 7 ͑in this work͒ involves only minor loss of accuracy through differencing. Conversion back to quadruple precision was then done and the r ij integrals were evaluated in quadruple precision. To address these differencing problems we systematically increased the number of decimal digits used for only the part of the calculation up to a maximum of 160 decimal digits. We note that Kolos and Wolniewicz 6, 7 worked in double precision and evaluated the r ij integrals numerically using an efficient charge distribution scheme ͑also introduced by Rüdenberg͒. This numerical approach is not applicable in this work due to the general need for higher precision values for all the basic integrals.
The code development used a desktop PC ͑Athlon, 0.5 Gbyte memory, WINDOWS 98͒ until the memory capacity of the system was exceeded, at which time we moved over to larger systems with more memory and somewhat later, parallelized the code to run on cluster systems at Indiana University ͓analysis and visualization of instrument-driven data ͑AVIDD͔͒ and NIST ͑Raritan͒. The parallelization proved extremely helpful not only for speeding the calculation but also by spreading the total memory needed across the nodes of the cluster.
